We study mimetic F (R) gravity with potential and Lagrange multiplier constraint. In the context of these theories, we introduce a reconstruction technique which enables us to realize arbitrary cosmologies, given the Hubble rate and an arbitrarily chosen F (R) gravity. We exemplify our method by realizing cosmologies that are in concordance with current observations (Planck data) and also well known bouncing cosmologies. The attribute of our method is that the F (R) gravity can be arbitrarily chosen, so we can have the appealing features of the mimetic approach combined with the known features of some F (R) gravities, which unify early-time with late-time acceleration. Moreover, we study the existence and the stability of de Sitter points in the context of mimetic F (R) gravity. In the case of unstable de Sitter points, it is demonstrated that graceful exit from inflation occurs. We also study the Einstein frame counterpart theory of the Jordan frame mimetic F (R) gravity, we discuss the general properties of the theory and exemplify our analysis by studying a quite interesting from a phenomenological point of view, model with two scalar fields. We also calculate the observational indices of the two scalar field model, by using the two scalar field formalism. Furthermore, we extensively study the dynamical system that corresponds to the mimetic F (R) gravity, by finding the fixed points and studying their stability. Finally, we modify our reconstruction method to function in the inverse way and thus yielding which F (R) gravity can realize a specific cosmological evolution, given the mimetic potential and the Lagrange multiplier.
I. INTRODUCTION
One of the most sound cosmological observation in the last twenty years, was the verification of a late-time acceleration of our Universe in the late 90's [1] . This observation has powered a vast research stream aiming to model consistently this late-time acceleration, with modified gravity playing a prominent role in this research stream. For reviews on this vast subject consult [2] and for some insightful studies on the subject see [3] . This nicely extends the universe evolution picture, taking into account that early universe was also eventually accelerating (early-time inflation [4] ). The early-time inflation maybe also described in terms of F (R) gravity (for recent review, see [5] ). The most appealing models of modified gravity pass most of the tests posed by observations and by local gravity constraints, and also offer the possibility for a unified description of early-time and late-time acceleration, within the same theoretical framework [2, 6] . The late-time acceleration is attributed to a negative pressure perfect fluid called dark energy (for reviews see [7] ) which dominates the present Universe's energy density at a comparably large percentage Ω DE ∼ 68.3%. The rest is controlled by ordinary matter at a percentage Ω m ∼ 4.9% and by cold dark matter with Ω DM ∼ 26.8%. With regards to the latter, as in the dark energy case, there is no up to date experimentally or observationally confirmed theory which predicts the nature of dark matter. It is speculated that it is of particle nature, since in most extensions of the Standard Model [8] , even in the minimal supersymmetric ones [9] , dark matter is treated as a particle non-interacting with ordinary matter. Recently it was proposed by Chamseddine and Mukhanov [10] that dark matter can be a result of gravitational modification of General Relativity, the so-called mimetic dark matter approach. The cosmological consequences were further studied in [11, 12] and extended in various theoretical frameworks in [13] [14] [15] [16] [17] . Actually Ref. [17] , was a compact predecessor of the present work, so for a brief introduction to the issues we shall address here, consult [17] . In their work [10] , Chamseddine and Mukhanov used a covariant approach in order to isolate the conformal degree of freedom of the ordinary Einstein-Hilbert gravity. In the final theory, the physical metric is defined in terms of an auxiliary scalar field φ, the first derivatives of which appear in the action. As a result, the conformal degree of freedom is rendered dynamical, even in the absence of ordinary matter fluids and it is exactly this conformal degree of freedom that mimics cold dark matter. The theoretical framework of mimetic gravity was extended as the mimetic F (R) gravity case in Ref. [13] , and the attribute of this mimetic F (R) gravity approach is that it is possible to harbor all the appealing properties of F (R) gravity, such as unification of early and late-time acceleration [18] , and also have at the same time a description of cold dark matter originating from the gravitational sector, without the need of extra matter fluids to describe it.
In this paper we shall study in detail the F (R) gravity extension of mimetic gravity approach, with scalar potential V (φ), to which we shall refer as mimetic potential, and with Lagrange multiplier λ(φ). By using the Lagrange multiplier formalism approach [19] in Jordan frame description, we shall provide a reconstruction method which enables us to investigate which mimetic potential and Lagrange multiplier can realize an specific cosmological evolution, for an arbitrarily chosen F (R) gravity. Since in the context of our reconstruction method the Hubble rate and the F (R) gravity can be arbitrarily chosen, it is possible to choose a specific cosmological evolution, for which concordance with observations can be achieved and also the F (R) gravity can be chosen to be a viable F (R) gravity in principle. We support our findings by using some illustrative characteristic paradigms, for which we find the exact analytic forms of the corresponding mimetic potential and Lagrange multiplier. In addition, we thoroughly investigate the existence and stability of de Sitter points in mimetic F (R) gravity with potential and Lagrange multiplier, by checking some phenomenologically interesting F (R) models. We also study how certain bouncing cosmologies and singular cosmologies can be realized in the context of mimetic F (R) gravity. Particularly, we investigate which F (R) gravities can generate such a cosmological evolution, given the Hubble rate of the cosmological evolution, the mimetic potential and the Lagrange multiplier, which can be arbitrarily chosen. The resulting picture is quite interesting since the same cosmological evolution can be realized from different F (R) gravities, which correspond to different mimetic potentials and Lagrange multipliers. In addition, we study the Einstein frame counterpart theory of the mimetic F (R) gravity with potential and Lagrange multiplier, exemplifying the general theoretical construction by using the Einstein frame counterpart of the Jordan frame R 2 gravity. As we demonstrate, the resulting theory is quite interesting since it is quite similar to the two scalar model appearing in supersymmetric frameworks, as in Ref. [20] . Also for the resulting two scalar model we calculate in detail the corresponding observational indices, using very well known techniques for the two scalar field indices [21, 22] . Finally, we perform a thorough analysis of the dynamical system corresponding to mimetic F (R) gravity, focusing on finding the fixed points of the dynamical system and studying their stability. Moreover, we also discuss the physical significance of the fixed points as unification of inflation with dark energy and the possibility of connecting some of the fixed points via some attractor that leads from one to another.
We need to stress that the study we performed should be considered by also taking into account the observational limits for the generic picture from cosmological/astronomical surveys. Particularly, in a future work our results regarding certain cosmological scenarios, should be enriched with a study which will take into account certain observational constraints, as for example was done in [23] in the case of non-singular bouncing cosmologies. Such theoretical study is compelling in order to render the present theoretical study more complete and sound from a theoretical point of view, and we intend to address such issues in a future work. This paper is organized as follows: In section II we present the reconstruction method, which enable us to find which mimetic potential and Lagrange multiplier generate an arbitrary cosmological evolution, given the F (R) gravity. In section III, we investigate the existence and stability of de Sitter vacua, in the context of mimetic F (R) gravity and we discuss the significance of the existence of unstable de Sitter points in connection with inflation, and the possible graceful exit from inflation. In section IV, we realize several bouncing cosmologies, in the context of mimetic F (R) gravity. Particularly we investigate which F (R) gravity can realize the bouncing cosmologies under study, given the mimetic potential and the Lagrange multiplier which are arbitrarily chosen. As we shall demonstrate, the resulting F (R) gravities are quite different from the ones we obtain in the pure F (R) gravity case. In section V we study the Einstein frame counterpart theory of the Jordan frame mimetic F (R) gravity. We specify our analysis by choosing a well known F (R) gravity model in the Jordan frame and we discuss the implications of this model in the Einstein frame. In addition, we calculate the observational indices of the resulting two scalar field model, by using the quite general multi-scalar field approximation. In section VI, we thoroughly study the dynamical system that the mimetic F (R) gravity corresponds to. After introducing some conveniently chosen variables, we investigate which are the fixed points of the dynamical system and also study their stability against linear perturbations. We also investigate if there exist attractor solutions that can connect dynamically some of the fixed points. Finally, in section VII, we study which F (R) gravities can generate the cosmological evolutions presented in section II, given the mimetic potential and the Lagrange multiplier. The conclusions are presented at the end of the paper.
II. CONCORDANCE WITH OBSERVATIONS USING LAGRANGE-MULTIPLIER MIMETIC F (R) GRAVITY
In mimetic F (R) gravity the conformal symmetry is a non-violated internal degree of freedom [10] . Following [10] , the physical metric g µν is written in terms of an auxiliary scalar field φ and an auxiliary metric tensorĝ µν , as follows,
Instead of varying the gravitational action with respect to the metric g µν , in Ref. [10] the authors considered variation with respect to the metricĝ µν and with respect to the auxiliary scalar field φ. It follows from Eq. (1) that,
The Weyl transformationĝ µν = e σ(x) g µν leaves the parametrization (1) invariant, and the metricĝ µν does not appear in the final action. We shall assume that the physical metric g µν is the following,
which is flat Friedmann-Robertson-Walker (FRW), with the parameter a(t) denoting the scale factor, and we also assume that the auxiliary scalar field φ depends only on the cosmic time t. For a flat FRW metric, the Ricci scalar is equal to R = 6 Ḣ + 2H 2 , with H(t) denoting the Hubble rate. The mimetic F (R) theory with a scalar potential V (φ) and a Lagrange multiplier λ(φ) in the Jordan frame has the following action [13] ,
As it can be seen, we assumed that no matter fluids are present in the action and this is what we assume for the rest of this paper. Upon variation of the action (4) with respect to the physical metric g µν , we get,
In addition, upon variation of the action (4), with respect to the scalar field φ, we get,
with the "prime" here denoting differentiation with respect to the scalar field φ. Varying the action (4) with respect to the Lagrange multiplier λ, we obtain,
a result which is identical to the one of Eq. (2) . For a flat FRW background, since the auxiliary scalar field depends only on the cosmic time t, we may rewrite the equations of motion (5), (6) and (7), in the following way,
with the "dot" denoting differentiation with respect to the time t, while this time, the "prime" in Eqs. (8) and (9) indicates differentiation with respect to the scalar curvature R. Also in Eq. (10) the prime denotes differentiation with respect to the auxiliary scalar field φ. It easily follows from Eq. (10) that the auxiliary scalar field φ is identified with the cosmic time t. Note that the same identification was possible in the Einstein-Hilbert mimetic gravity theoretical framework, as a consequence of Eq. (2), consult Ref. [10] for more details on this. In view of the identification t = φ, Eq. (9) can be rewritten as follows,
and therefore the mimetic potential V (φ = t) that generates the cosmological evolution with Hubble rate H(t), for a given F (R) gravity, is equal to,
Combining Eqs. (13) and (8), we get the Lagrange multiplier λ(t), which is,
Practically, we have at hand a reconstruction method which enables us to find the scalar potential and the Lagrange multiplier that can generate a cosmological evolution with Hubble rate H(t), given the, in principle, arbitrary F (R) gravity. A very useful differential equation can be obtained if we combine Eqs. (13) and (14), and it is the following,
which we shall frequently use in the sections to follow. The novelty of the reconstruction method we propose here is that by choosing any, viable or not, F (R) gravity, we can produce any cosmological evolution we wish, which can be chosen in such a way so that it is concordance with observational data. The freedom in this reconstruction method is provided by the mimetic potential and the Lagrange multiplier, at the cost that these might have a complicated form. In the rest of this section we exemplify our reconstruction method by using some characteristic examples. For a recent account on exactly this issue, see [17] . We shall consider a general class of F (R) gravity models with the F (R) gravity function being of the following form,
with d, f, p, q being arbitrary parameters. This class of models is known to provide quite rich phenomenology, with regards to late and early time acceleration, see [2] for more details. A model belonging to the class of models (16), with profound astrophysical significance is the following,
with the parameters d and f being positive real numbers, arbitrarily chosen. This model has quite appealing phenomenological features, since as was shown in Ref. [24] , when this model is employed to neutron stars, it generates an increase in the maximal neutron star mass, which is a very interesting phenomenological feature. Our purpose is to find which mimetic scalar potential V (φ = t) and Lagrange multiplier generates a cosmological evolution compatible with observations, for the F (R) gravity of Eq. (17) . We shall employ the formalism for the calculation of the Jordan frame observational indices, which was developed in Ref. [25] (see also [26] ). As was demonstrated in [25] , the F (R) gravity can be treated as a perfect fluid, and in effect the observational indices can be expressed in terms of the Hubble rate and its higher derivatives. The same applies in our case so we refrain from going into details, however we need to stress that this formalism is valid if some slow-roll approximation is used, meaning that the slow-roll indices have small values during inflation. Consequently, our aim is to investigate which mimetic potential and Lagrange multiplier can generate a viable cosmological evolution. We shall express the observational indices and all physical quantities we shall use as functions of the e-folding number N , instead of the cosmic time t. Bearing in mind that the following transformations,
with the prime this time denoting differentiation with respect to N . According to the formalism of Ref. [25] , the spectral index of primordial curvature perturbations and the scalar-to-tensor ratio r read,
As we already mentioned, these relations are valid, as long as the slow-roll indices satisfy ǫ, η ≪ 1. Having the analytical expressions for the slow-roll indices at hand, we can choose a compatible to the observational data evolution and find the potential V (N ) and the Lagrange multiplier λ(N ), that generate this cosmological evolution, given the F (R) gravity of Eq. (17) . According to the recent Planck observational data [27] , the aforementioned observational indices are constrained as follows, n s = 0.9644 ± 0.0049 , r < 0.10 .
Let us for example the cosmological evolution, with the following Hubble rate,
and by using Eqs. (19) , the parameter ǫ is equal to,
where the function F (N ) is equal to,
while η is equal to,
Using Eqs. (23) and (25) , the spectral index and scalar-to-tensor ratio can be calculated, and n s reads,
while the scalar-to-tensor is equal to,
In principle, there are many values of the parameters G 0 , G 1 , β and b, for which concordance with the observations can be achieved, like for example G 0 = 0.5, G 1 = 12, β = 0.024 and b = 1/2, but a convenient choice is the following,
for which, the indices n s and r become equal to,
which are compatible with the Planck data (21) . The reason for choosing the values for the parameters as in Eq. (28) , is that for these it is easy to express the resulting potential V (N ) as a function of φ. Using the function G(N ) = H(N ) 2 (see also [29] ), the Ricci scalar as a function of G(N ) reads,
Combining Eqs. (17), (22), (30) , and (13), we obtain the mimetic potential V (N ) for the F (R) gravity of Eq. (17), which reads,
where S(N ) = −e N β G 0 + G 1 . In the same way, by combining Eqs. (17), (22), (30) and (14), we obtain the Lagrange multiplier, which is,
Using the values of the parameters as in Eq. (28),we can express the cosmic time t as a function of the scale factor α, as follows: since H(N (α)) is equal to,
and since that e N = α α0 , integrating the above equation and using the values of the parameters given in Eq. (28) (b = 1 is the most relevant for this calculation), we get the function t = t(α), which reads,
This equation can explicitly be solved with respect to the scale factor α,
Bearing in mind that φ = t, by substituting the following in Eq. (31),
we get the scalar potential V (φ). Hence, as we demonstrated, by using the reconstruction method we propose, it is possible to realize a large number of cosmologies which are compatible with observations, by making use of an arbitrarily chosen F (R) gravity. This arbitrariness of the choice of the F (R) gravity is the novel feature of our approach. For illustrative reasons we used an appealing model of F (R) gravity with phenomenological significance, that of Eq. (17), but in principle other models may be used, for example viable models of F (R) gravity, like the ones used in [2] . If someone uses viable models of modified gravity in the context of the mimetic F (R) gravity theoretical framework we propose, then it is possible to have all the attributes that our formalism brings along, combined with all the appealing features of viable modified gravity models, for example the unification of early time with late-time acceleration.
For illustrative purposes we shall study another model of modified gravity, which is a viable model, the Hu-Sawicki model [30] , the F (R) function of which is,
where R c and µ are positive real phenomenological parameters constrained by observations [30] , while n is a positive real number. Also let us consider the class of cosmological models with the Hubble rate being of the following form,
where G 0 , G 1 , β and b are real numbers arbitrary in general. In order to avoid negative values of the Hubble rate, the parameter b must be chosen in such a way so that it is of the form b = 2n 2m+1 , with m and n positive integers, and also b must obey the inequality b < 1. Substituting the Hubble rate (38) , to the slow-roll parameters of Eq. (19) , the parameter ǫ reads,
. and correspondingly the parameter η reads,
Then by using Eqs. (39) and (40), the observational parameters of Eq. (20) read,
By making the following choice for the free parameters G 0 , G 1 , β and b,
we can calculate the spectral index of primordial curvature perturbations and the scalar-to-tensor ratio, which for N = 60 e-foldings become equal to,
which are in concordance with the constraints (21) of the Planck mission [27] . Having established that the cosmological evolution of Eq. (38) , is compatible with the latest observational data, we may easily find which mimetic potential and Lagrange multiplier can realize such a cosmological evolution, for the F (R) gravity being that of Eq. (37) . Combining
Eqs. (38) , (37), (30) , and (13), we get the mimetic scalar potential V (N ), which reads,
and also with the function F (N ) being equal to,
In addition, the corresponding Lagrange multiplier reads,
As we can see from Eqs. (44) and (46), the complexity of the resulting mimetic potential and Lagrange multiplier increases, when the F (R) gravity becomes more involved. In the next section we investigate the existence of de Sitter points in mimetic F (R) gravity and study their stability, when these exist.
III. EXISTENCE AND STABILITY OF DE SITTER SOLUTIONS
In this section we address in detail the issue of existence of de Sitter solutions and their stability within the theoretical framework of mimetic F (R) gravity with potential and Lagrange multiplier. (Note that general condition of de Sitter solution existence in F (R) gravity was derived in [28] .) The acceleration eras are described by de Sitter or quasi de Sitter solutions, so it is important to investigate the existence of de Sitter solutions. Also the dynamical stability of the de Sitter solutions against linear perturbations is very important, since the instability can cause curvature perturbations which may provide a mechanism for the graceful exit from inflation [32, 33] . Another way to interpret the dynamical instability of de Sitter solutions against linear perturbations is that the instability indicates that the solution is not the final attractor of the theory and thereby the eternal inflation is avoided [32, 33] .
Let us first investigate the case of the F (R) gravity given in Eq. (17) . Consider a de Sitter solution of the form, H(t) = H dS , for which, the mimetic potential V (t) and the Lagrange multiplier λ(t) become equal to,
Using these and upon substitution to Eq. (15), we obtain the following de Sitter solution,
In order to study whether this de Sitter solution is stable or not, we consider linear perturbations of this solution of the following form,
assuming of course that the perturbation function ∆H(t) is very small, that is, | ∆H(t) |≪ 1. Substituting Eq. (49) in Eq. (15) and by keeping terms linear to ∆H(t) and to the higher derivatives ∆Ḣ(t) and ∆Ḧ(t), we obtain the differential equation satisfied by the linear perturbation ∆H(t), which is,
dS ∆Ḧ(t) = 0 , with the "dot" denoting differentiation with respect to the cosmic time. The differential equation (50) can analytically be solved, with the solution being,
with c A and c B integration constants and the parameters A, δ 1 and δ 2 appear in the Appendix A. Substituting the de Sitter value H dS we found in Eq. (48) in Eq. (51), we observe that the parameter δ 2 is positive while the parameter δ 1 is negative, and hence the term e δ2t dominates the evolution of the linear perturbation ∆H(t), hence the solution (51) is unstable which means that it is not the final attractor of the theory. Therefore, a graceful exit from inflation in achieved for the model (17) , in the context of mimetic F (R) gravity.
In a similar way, let us investigate the de Sitter solutions of a quite well known class of viable F (R) cosmological models, that of Eq. (16) . Particularly, consider the following model,
where µ, n, d, p are positive arbitrary real numbers. In the large curvature limit, the F (R) gravity of Eq. (52) becomes,
where the parameter µ is a positive phenomenological parameter. Note that when n takes values in the interval 0 < n < 1, the model of Eq. (53) is a quite well known phenomenological model [2] , but we will assume that n takes positive arbitrary values. The mimetic potential V (t) and the Lagrange multiplier λ(t), for the Hubble rate being H(t) = H dS , become equal to,
and upon substitution to Eq. (15), we obtain the only de Sitter solution that exists for this model, which is,
As before, what now remains is to study the stability of this de Sitter vacuum. Following the research line of the previous paradigm, we obtain the following differential equation satisfied by the linear perturbation ∆H(t),
with the "dot" again denoting differentiation with respect to the cosmic time t. The solution to this differential equation is,
where ζ 1 and ζ 2 are given in the Appendix A, while the parameters d A and d B are arbitrary integration constants. By substituting the exact de Sitter value H dS we found in Eq. (55), in the parameter ζ 2 , it can easily proven that when n µ ≫ 1, the parameter ζ 2 is positive while when n µ ≪ 1, the parameter ζ 2 is negative. Therefore, when n µ ≫ 1, the term ∼ e ζ2t dominates the evolution, since the other term contains ζ 1 , is always negative. Therefore, when n µ ≫ 1, the de Sitter solution we found in the model of Eq. (53) is unstable. Therefore, this indicates that the de Sitter solution is not the final attractor of the theory and therefore inflation can end in this model, always in the presence of mimetic potential and Lagrange multiplier. Now consider the small curvature limit of the F (R) gravity (52), in which case it can be approximated by,
Following the same procedure as in the large curvature limit, we easily find the following de Sitter point,
and by repeating the same procedure, it can be proved that the de Sitter point (59) is stable against linear perturbations. In fact, the resulting differential equation of perturbations and solutions can easily be obtained from Eqs. (54), (56) and (57), by replacing n → −p, µ → d Therefore we have a quite appealing case at hand, in which the F (R) gravity (52), in the large curvature limit has the unstable de Sitter point (55), and in the small curvature limit it has a stable de Sitter point (59). Therefore, since the large curvature describes the inflationary era, it is possible that the cosmological evolution starts from the initial, large curvature de Sitter, and due to the fact that it is unstable, graceful exit is guaranteed. After that, the system might end up to the late-time, small curvature, de Sitter point, which is stable, so the system has reached a final attractor. Hence the unification of late and early-time acceleration is a viable possibility in this model. Before closing this section, we briefly discuss the results corresponding to another model of a mimetic F (R) gravity, with the F (R) function being,
This is an exponential model, and the exponential F (R) models are known to have many appealing properties [31] . The model (60) possesses two de Sitter vacua, which are,
and by using the same research line as in the previous two examples, it can be proven that these two de Sitter vacua are stable, so graceful exit does not occur.
In table (I) we summarize the results for some of the mimetic F (R) models we studied, with regards their compatibility with the observational data and also with respect to the exit from inflation. Before closing this section an 
Yes
Yes when
No, stable dS important comment is in order. For a generic inflationary cosmology, the background solution is still stable against the back-reaction of curvature perturbations, since the background solution is often a local attractor of the theory. Admittedly, with the de Sitter solutions stability analysis we performed in this section, it is not easy to see whether the instability would not only enforce the Universe to exit the inflationary phase, but may also spoil the predictions for primordial power spectra that are important to explain the CMB data, since indeed the curvature perturbations may grow in such a way so that the primordial spectrum is significantly affected. This issue is quite important and should be addressed concretely in a future work. This however exceeds the purposes of this paper, so in a future work we shall address it in detail.
IV. KNOWN COSMOLOGIES FROM MIMETIC F (R) WITH POTENTIAL
With mimetic F (R) theories it is quite easy to realize various cosmological scenarios, given the Hubble rate and the F (R) gravity. Then, by using the equations of motion of the mimetic F (R) theory, namely Eqs. (13), (14) and (15), we can easily find the mimetic potential and the Lagrange multiplier that generates the given cosmological evolution. In principle, one can use any viable F (R) gravity, so we demonstrate this method by using the model of Eq. (53), and we try to realize various cosmological scenarios. We start off with a Type IV singular evolution [34? -37] , for which the Hubble rate has the following general form,
where α is a positive number of the following form,
with m and n integer numbers. Also, in order for a Type IV singularity to be realized, the parameter α has to be α > 1, so n and m must be chosen accordingly. Recall that a Type IV singularity is not a crushing type singularity, and it is the most "mild" among the four types of finite time cosmological singularities, which were classified in Ref. [34] . For a Type IV singularity, as t → t s , the scale factor, the effective energy density and the effective pressure are finite, that is, a → a s , ρ eff → ρ s , |p eff | → p s . In addition, both the Hubble rate and it's first derivative are finite, but the second or higher derivatives of the Hubble rate are singular, as t → t s . So by using Eqs. (13), (14), the F (R) gravity of Eq. (53) and also the relation R = 6 Ḣ + 2H 2 , we easily obtain the scalar potential V (φ), which is,
and the Lagrange multiplier function λ(φ) is equal to,
In the same way, we can realize other cosmological scenarios, which are "exotic" for the standard Einstein-Hilbert gravity. For example, the matter bounce scenario [39, 40] , can be easily realized with mimetic F (R) gravity. The Hubble rate of the matter bounce scenario is equal to,
were ρ is a parameter related to the critical density of LQC theory (see [39] for details). This scenario is known to be realized in the context of Loop Quantum Cosmology, but it is possible to realize this in the context of F (R) gravity, as was explicitly shown in [40, 41] . However, the resulting F (R) that can generate the matter bounce has a very specific form, so the non-mimetic F (R) gravity theoretical framework does not allow to use a general, in principle viable, F (R) gravity. Nevertheless, the mimetic F (R) gravity with Lagrange multiplier formalism allows to use any F (R) gravity, so for simplicity, we use again the F (R) gravity of Eq. (53), and we investigate which potential V (φ) and Lagrange multiplier λ(φ) can give rise to the matter bounce scenario, with Hubble rate given in Eq. (66). As in the previous case, by using Eqs. (13), (14), the F (R) gravity of Eq. (53) and also Eq. (66), we obtain the following mimetic potential V (φ),
and the corresponding Lagrange multiplier λ(φ) is equal to,
As we can see, different mimetic potentials and Lagrange multipliers can give rise to different cosmological scenarios, by using the same F (R) gravity. As a final example we shall present the mimetic potential V (φ) and the Lagrange multiplier λ(φ), which can give rise to the superbounce scenario [42] , with scale factor and Hubble rate given below,
with c a parameter determined by the theory, see [42] for details. Following the steps of the previous sections, we obtain the following potential V (φ),
The inverse procedure is possible as we show in a later section. Particularly, given the mimetic potential V (t = φ) and the Lagrange multiplier λ(t = φ), it is possible to find the F (R) gravity which generates an also given cosmological evolution. In principle the mimetic F (R) gravity that realizes a specified cosmological evolution, is different from the pure F (R) gravity that can realize the same cosmological evolution.
V. EINSTEIN FRAME COUNTERPART OF MIMETIC F (R) GRAVITY WITH POTENTIAL
Having studied in detail all the Jordan frame implications of the mimetic F (R) gravity, it is worth discussing the Einstein frame counterpart theory, which is a two scalar field theory. The multi-scalar field theory is motivated mainly from the area of high-energy physics, in which multi-scalar field theories play a prominent role, especially in relation with inflation [43] . One characteristic feature of multi-field models for inflation is that these models produce isocurvature perturbations, which in effect can generate non-Gaussianities, when long-wave length modes are considered [21] . In this section we shall be interested in studying the generic properties of the Einstein frame counterpart theory of the Jordan frame mimetic F (R) theory and we shall also calculate the slow-roll indices of the resulting two-scalar theory. We shall also exemplify our findings by studying a theory which in the Jordan frame is the R 2 theory. We start off by producing the Einstein frame counterpart action of the action given in Eq. (4), which can be done following standard procedures (see for example [2] ) in the following way: We introduce, the auxiliary scalar field A, and the action of Eq. (4), becomes,
By varying the action of Eq. (72) with respect to the auxiliary scalar field A, we obtain the solution A = R, which implies the mathematical equivalence of the two actions given in Eqs. (4) and (72). We can easily obtain the Einstein frame counterpart theory of (72), by performing the following conformal transformation,
where the scalar field ϕ is the Einstein frame inflaton field. Note that in the theory there exists another scalar field φ, from the mimetic theory. In addition, the Jordan frame metric g µν is transformed to a new metric in the Einstein frame, which we denote asĝ µν . These two metric are related as follows,
Moreover, the expression √ −g is transformed as
√ −ĝ, so the resulting Einstein frame action reads,
which can be written as follows,
where the exact form of the potential U (ϕ), as a function of the scalar field ϕ, is equal to,
For later convenience, we introduce the potentialṼ (ϕ, φ), which is equal to,
and by using this, the action of Eq. (76), is written as follows,
The interesting of the quite general Lagrangian of Eq. (76), is that it resembles some phenomenologically interesting models, like the ones appearing in [20] and [44] . The models studied in [20] , are imaginary deformations of the Starobinsky model [45] , and the Lagrangian of these models is,
This model is related to minimal supergravity approaches [20] and it is similar to the one studied in [44] . Obviously, if we choose the potential U (ϕ) in Eq. (76), to be the Starobinsky potential [45] , that is,
where C 0 = 3 4 κ 2 M 2 , the resemblance between the two scalar models of Eq. (76) and (80) is obvious. Note that the corresponding Jordan frame theory would be,
where α = 1 8κ 2 C0 . Actually, the Lagrangian of Eq. (76) can serve as a generalization of the model (80). What interests us is to calculate the observational indices of inflation for the two scalar model and we shall use the techniques developed in [21, 22] . In the next section, we calculate the slow-roll indices in the general case, and we exemplify our findings in the case the potential U (ϕ) is chosen as in Eq. (81).
A. Double Scalar Model Calculation of Observational Indices
In this section, we shall calculate the slow-roll indices for the two scalar model of Eq. (76) and we exemplify our findings for the case that the scalar potential U (ϕ) is the Starobinsky potential of Eq. (81). We shall use two different approaches for this calculation, with the first being the one developed in [21] , and the second one being the one used in [46] . With regards to the latter, we directly compute the Hubble slow-roll parameters, without assuming any slow-roll for the fields. We have to note that at first order in the slow-roll expansion, the two approaches are equivalent, at least when the first slow-roll index takes small values.
We shall use the formalism and notation of [21] . Consider the following multi-scalar field action,
with I, J = 1, 2 and in our case the various scalar fields φ I are φ 1 = ϕ and φ 2 = φ. In addition, the metric G IJ (φ I ) is scalar field dependent and it corresponds to the metric in the scalar field configuration space, which in our case is two dimensional. Specifically, the matrix representation of the metric in the case the action is as in (79), is equal to,
The equations of motion corresponding to the action (83) are equal to,
where V ,K = ∂V /∂φ K , and Γ I IK = Γ I IK (ϕ, φ) are the Christoffel symbols for the two dimensional field configuration space, with metric (84). In the case of the action (79), the non-zero Christoffel symbols read,
and in this case, the prime denotes differentiation with respect to the corresponding argument, which is φ. For notational simplicity we introduce the field σ, which isσ = G IJφ IφJ , and also the vector fieldσ I =φ İ σ . In terms of these parameters, the field equations (85) are written as follows,
where V ,σ =σ I V ,I . In our case, the potential V appearing in Eqs. (85) and (87) is identified with the potential V (ϕ, φ) of Eq. (79), so we identify from now on V withṼ . For convenience we computeσ and the variousσ I , which read,σ
Until this point, the general framework is the same and will hold true for every approach we adopt for the computation of the observational indices. However, we differentiate our analysis at this point, and we adopt two different approaches for the observational indices, the potential slow-roll approach (with regards to the slow-roll index η), and the Hubble slow-roll approach. For details on these issues, see [46] . In our case, the two approaches differ only on the second slow-roll parameter η, so it is a hybrid version of the two aforementioned cases.
Potential Related Slow-Roll Parameters
A quite general relation that gives the first slow-roll parameter ǫ, is the following,
which can be easily calculated for the present case. Recall that the potentialṼ is given in Eq. (78), so the parameter ǫ is equal to,
Following [21] , the second slow-roll index η is equal to,
with M σσ being equal to M σσ =σ KσJ D K D JṼ , where D K stands for the covariant derivative. Note that the covariant derivative in the field configuration space acts as follows,
Then, it easily follows that the parameter M σσ can be written,
So by using the form of the potentialṼ of Eq. (78) and the values of the Christoffel symbols (86), we get,
We need to note that in the above equation, the prime in the case it refers to a function of φ, it obviously denotes differentiation with respect to φ, while when it refers to a function of ϕ (like in the case of the function U (ϕ)), it refers to differentiation with respect to ϕ. With the parameter M σσ , we can easily compute the slow-roll parameter η, by simply using Eqs. (78) and (91). In addition, in the Appendix B, we have computed the parameter M σσ for the case that the potential U (ϕ) is equal to the Starobinsky potential (81). Before closing this section, it is worth discussing the case for which the parameter ǫ takes small values. We could loosely state that this is some sort of slow-roll approximation, since the higher order terms in the slow-roll expansion of Ref [46] can be disregarded. In this case, the slow-roll parameter η is approximated by [21] ,
From the equation of motion of the σ field appearing in Eq. (87), we easily obtain that,
which in our case is equal to,
So finally, the parameter η in this approximation reads,
In both cases, the spectral index of primordial curvature perturbations, and the scalar-to-tensor ratio r, are equal to,
and as we see later, the potential slow-roll parameters are related to the Hubble slow-roll parameters. In the next section we treat the Hubble slow-roll parameters and the corresponding indexes. An important remark is in order. A calculation of the indexes may reveal the same problems that the multi-scalar inflation theories have, when these are confronted with observations. In fact, in the present case, the potential and the Lagrange multiplier are restricted in the Jordan frame by Eq. (15) and therefore the solutions space in the (ϕ, φ) is severely constrained. However, an interesting case is if a trajectory withφ ≃ 0, φ ≃ 0 is chosen, which corresponds to a slightly deformed single field case. Then, the single field approaches attributes remain in the theory, with the extra but small non-Gaussianities caused by the second scalar field. This would be interesting to study but exceeds the purposes of this article. Therefore, the Jordan frame mimetic F (R) gravity looks more appealing. However, for completeness we proceed to the Hubble rate approach of the slow-roll indices.
Hubble Rate Related Slow-Roll Parameters
In this section, we shall attempt a different approach in comparison to the one we used in the previous section. Particularly, the difference will be on the second slow-roll parameter η, since the first slow-roll parameter is given by the expression in Eq. (89). Actually, as was proven in Ref. [46] , the Hubble slow-roll parameter and the potential slow-roll parameter coincide at first order in the slow-roll expansion. However, the second Hubble slow-roll parameter is equal to,
We can express the second Hubble slow-roll parameter η H as a function of the field σ, by using the equations of motion (87), from which we obtain the following equations,
and by combining Eqs. (101) and (96), the Hubble slow-roll parameter η H becomes,
so for the potential of Eq. (78), the second Hubble slow-roll parameter becomes,
We need to note that the spectral index of primordial curvature perturbations, in terms of the Hubble slow-roll parameters is equal to,
and also note that at first order in the slow-roll expansion, the Hubble slow-roll η H and the potential slow-roll parameter are related as n H = −ǫ + η. For more details on this, see [46] . In addition, one can in principle use the following relation,σ
but we used the one appearing in Eq. (96), which is equivalent to some extent. The general conclusion in this case too, is that the Jordan frame approach for mimetic F (R) gravity is more appealing when compared to the Einstein frame approach, since in this case too, the Hubble slow-roll parameters are affected by the Lagrange multiplier and the potential, and the resulting theory has many similarities with the two scalar inflationary models. In principle though, as we already stated in the previous section, one should examine in detail the trajectory with φ ∼ 0,φ ∼ 0, which could be potentially interesting since it resembles the single scalar field case, but it is a slightly deformed version.
VI. DYNAMICAL SYSTEM ANALYSIS OF MIMETIC F (R) GRAVITY WITH POTENTIAL
In this section we shall investigate in detail the behavior of the FRW equations of mimetic F (R) gravity, when these are seen as a dynamical system. Particularly, we shall find the fixed points of the dynamical system and we shall study the stability of the fixed points. Also, the physical significance of the fixed points and also the possible connection of the fixed points with some trajectory is also discussed in brief. For a recent study on mimetic gravity dynamical systems, see [15] .
We start off our analysis by recalling the FRW equations corresponding to the mimetic F (R) gravity which we quote here for convenience,
where in the last equation, namely Eq. (108), we used the fact that φ = t. In the rest of this section we shall make extensive use of the above equations. By introducing the following variables:
Note that the variable x 6 takes values different from zero and it measures in some way the deviation of the F (R) gravity from the ΛCDM gravity. Note that in Eqs. (106), (107), (108) and (109), the prime indicates differentiation with respect to the scalar curvature R. By differentiating the variables (109) with respect to the e-folding number N , by making use of the rules of Eq. (18), we obtain the following dynamical system,
where m =Ḧ H 3 . In the appendix C we have added some complementary equations that are useful for the derivation of the dynamical system (110). The fixed points of the dynamical system above are too many to quote here, but most of these can be considered as unphysical or very restricted, since they lead to the solution x 6 → 0, which has to hold true for all N for a given F (R) gravity. This condition restricts the F (R) function, and therefore we shall not analyze these points here. The fixed points which can be easily analyzed are the following two, which we denote as P 1 and P 2 , with P 1 being:
while the point P 2 is,
In addition, the effective equation of state (EoS) can be expressed in terms of the variable x 3 and reads,
so for the point P 1 it is equal to,
while for the point P 2 we have,
Let us focus on the first fixed point P 1 and we shall investigate the following three cases of interest, namely the cases that w ef f describes de Sitter expansion, radiation and cold dark-matter evolution. Before going into this, we shall linearize the dynamic system by using the Hartman linearization theorem, which we briefly discuss now. For an informative account on the issues of dynamical systems which we shall use, see [47] . The Hartman linearization theorem provides information with regards to the stability and dynamical behavior of dynamical systems near hyperbolic fixed points. Note that in the case of non-linear dynamical systems, local stability of a fixed point does not ensure asymptotic stability, an effect which is due to the non-linear part of the dynamical system under study. Suppose that Φ(t) ǫ R n is the solution to the dynamical system,
where g(Φ(t)) is locally Lipschitz continuous function g : R n → R n . Suppose that φ * denotes the fixed points of the dynamical system, for which the Jacobian matrix J (g) defined to be,
at these points has eigenvalues e i that satisfy Re(e i ) = 0. We shall denote the spectrum of the eigenvalues of a matrix A, as σ(A), so a global hyperbolic fixed point satisfies Re (σ((J))) = 0. Hartman's theorem states that there exists a homeomorphism F : U → R n , where U is a small open neighborhood of a fixed point φ * , which is defined in such a way so that F (φ * ). This homeomorphism has a flow dh(u) dt , which is equal to,
and also it is topologically conjugate to the flow of Eq. (116). This theorem holds true even for non-autonomous dynamical systems, like the ones we shall deal in the present section. In simple words, this means that the dynamical system of Eq. (116) takes the following form,
with S(φ, t) a smooth map [0, ∞) × R n . As a consequence of the theorem, if for the matrix J (g) holds true that R⌉ (σ(J (g))) < 0, and also if ,
then, the fixed point φ * of the dynamical flow 119). If any of the above conditions are violated, then extra conditions are needed to decide whether the fixed point is stable or unstable. Some insights on deciding whether de Sitter points for certain F (R) functions are stable or not were provided in an earlier section in this paper. In this section we shall be interested in the fixed points of the FRW equations, seen as a dynamical system, and we also critically discuss the stability of these fixed points using the Hartman theorem.
In the case of the dynamical system of Eq. (110), the matrix J = i j ∂fi ∂xj is,
where obviously the f i 's are,
By using the values for the parameters x i , = 1, ...6 given in Eq. (111), and by substituting in Eq. (121) we may easily obtain the eigenvalues j i of J , which are the following,
where the z i are the solutions to the following algebraic equation,
which can be found numerically, when m is specified. So let us investigate which values of m give the de Sitter, the matter and the radiation era. Assume for simplicity that m is a constant parameter. The de Sitter era corresponds to w ef f = −1, so by using Eq. (114), we can see that the de Sitter era corresponds to m = 0, the matter dominated era to m = 9/2, while the radiation era corresponds to m = 8. For the de Sitter era, the fixed point P 1 becomes,
and the eigenvalues of the matrix J are equal to, 0, −9, 0, 0,
Hence the matrix J has some eigenvalues zero and also some other have positive real part. We could say that this indicates instability, but one cannot be sure, since Hartman's theorem does not apply. Another reason against the applicability of Hartman's theorem is that the "perturbation matrix", which we denoted as S in Eq. (119), does not satisfy the condition (120), when the dynamical system (110) is considered. Indeed, for the evolution (110), the matrix S is equal to,
and it easy to see that for m = 0, the condition (120) is not satisfied. Hence further information is needed in order to decide if this de Sitter point is an attractor (stability or asymptotic stability of the fixed point), or unstable. One should for example search for the center manifolds and sub-manifolds [47] , or address the problem by using Lyapunov's theorems. This task however is beyond the scopes of this paper, and we hope to address in the future. We now proceed to the radiation fixed point for which w ef f = 1 3 , so Eq. (114) gives m = 8, for which value, the fixed point P 1 becomes,
and the corresponding eigenvalues of the matrix J are equal to, {8, −0.778, 4, 5.382, −1.301 − 3.934 i, −1.301 + 3.934i} .
By substituting the eigenvalues to the matrix S we can see that the matrix S does not satisfy Hartman's conditions, so for this case too, further information and analysis is needed. The same applies for the matter domination point, for which m = 9/2, but we omit the analysis for brevity, since the resulting picture is qualitatively the same. The only notable feature of the matter fixed point (w ef f = 0), is that for m = 9/2, the fixed point P 1 becomes,
so interestingly enough the variables x 4 and x 5 , which are related to the mimetic potential and Lagrange multiplier, take infinite values near the w ef f = 0 evolution, always for constant m. Before ending the study for the fixed point P 1 , we need to note that no constant m exists, for which the phantom evolution can be described by the fixed point P 1 . As we now demonstrate, the fixed point P 2 describes the phantom evolution, for constant m.
We now turn our focus on the second fixed point P 2 appearing in Eq. (112), and we study the behavior for various values of the parameter m and address the stability of the fixed point. Intriguingly enough, when m is constant, the second fixed point cannot describe any ordinary matter fluid evolution, like for example cold dark matter (w ef f = 0) or radiation (w ef f = 1/3), but can describe de Sitter evolution for m = 0 and phantom evolution, for m > 0. Let us investigate the de Sitter point, which occurs for m = 0. The fixed point P 2 for m = 0 becomes
and the eigenvalues of the matrix J for the fixed point P 2 at m = 0 are equal to, 0, −9, 0, 0,
which are identical to the ones corresponding to the de Sitter point of the fixed point P 1 . The same stability criteria apply in this case too, so we proceed to the case that m > 0. Note that the case m < 0 yields complex values for the fixed points, so we omit this study. For the phantom evolution, consider for example that w ef f = −1.1, which corresponds to m = 0.045. In this case, the fixed point P 2 becomes,
and the eigenvalues of the matrix J are, {−0.6, −9.36598, −0.725613, −0.0165485, 0.529073 − 5.58193i, 0.529073 + 5.58193i} .
By calculating the matrix S and taking the limit x i → 0, we can see that the Hartman criteria are not satisfied, so the linear stability theorems do not suffice for deciding whether the fixed points are stable or unstable.
In conclusion, the study revealed two quite interesting fixed points with physical significance, since if the fixed point P 1 describes an unstable fixed point corresponding to some era and the point P 2 for the same value of m is a stable point (since m > 0), then this point might be the attractor of every solution of the dynamical system, so in the end, the points P 1 and P 2 might be connected. For example, the matter era described by the point P 1 may end up to the phantom evolution of the fixed point P 2 . Also we might connect the two de Sitter points corresponding to the points P 1 and P 2 . Therefore, the stability issues of the fixed points should be further addressed, by using more involved methods compared to the linearization theorems. We hope to address in detail this issue in the future.
Before we close this section, it is worth giving a brief account of the case that perfect matter fluids are also taken into account. Consider for example the case that the perfect fluid added has an equation of state P w = wρ w , with w its equation of state and P w , ρ w are its effective pressure and effective density. Introducing the new variable x 7 in the equations of motion, the dynamical system of Eq. (110) becomes,
We can easily obtain the fixed points of the dynamical system (135), which can be found in the appendix D. As one can see, the points P 1 and P 2 are identical to the fixed points P 1 and P 2 of the perfect fluid-free dynamical system of Eq. (110), with the addition that the extra variable corresponds to x 7 → 0. In addition to these two, there are many fixed points that lead to the condition x 7 → 0 and x 6 → 0, which are also identical to the corresponding ones of the dynamical system (110). The new fixed points P 3 and P 4 (see appendix D), lead to the condition x 6 → 0, which severely restricts the F (R) gravity, since it has to hold true for all N . We therefore defer this study to a future publication and we focus on the points P 1 and P 2 . As we now show, the eigenvalues of the matrix J change and therefore it is expected that the stability conditions will change. However, the linearization theorems do not apply in this case, so the matter fluid case must be addressed by using more involved techniques for dynamical systems. Before closing, we shall give the resulting form of the matrix J , which is,
Finally, the eigenvalues of J for the point P 1 are equal to,
with z i the roots of the algebraic equation,
For the point P 2 , the eigenvalues are,
We shall not compute the corresponding eigenvalues for the fixed points P 3 and P 4 , since this case is more complicated and leads to a very restricted form of the F (R) function. This analysis will be performed to a much more focused paper, so we defer this to a future publication.
VII. INVERSE RECONSTRUCTION METHOD FOR THE F (R) GRAVITY
In this section we describe another reconstruction method which by providing the Hubble rate, the potential V (φ) and the Lagrange multiplier λ(φ), it enables us to find the F (R) gravity which generates such a cosmological evolution. We exemplify this by using two of the bouncing cosmologies we studied earlier in this paper, the matter bounce scenario of Eq. (66) and the superbounce scenario of Eq. (69). We start of with the matter bounce scenario, and by using Eq. (15) it is possible to find which F (R) gravity can generate the superbounce cosmology, for a suitably chosen mimetic potential V (t) and Lagrange multiplier λ(t). In principle, these can be arbitrarily chosen, but a non-convenient choice may render the differential equation (15) quite difficult to solve analytically.
We start by studying the matter bounce scenario, with Hubble rate given in (66), and a convenient choice for the mimetic potential V (φ = t) and the Lagrange multiplier λ(t) is the following,
Having at hand the cosmological evolution (66), the mimetic potential and the Lagrange multiplier given in Eq. (141), we may easily find the F (R) gravity that realizes such a cosmological scenario. Indeed, by combining Eqs. (15), (13) and (14), we acquire the following differential equation,
with y(t) = F ′ (R(t)), and by solving this with respect to y(t), we obtain the following solution,
where
is the associated Legendre function of the second kind. Bearing in mind that R = 6Ḣ + 12H
2 , substituting to this equation the Hubble rate (66), and by solving with respect to t, we get,
Substituting this in Eq. (143), we obtain the function y(R) and then we can have the analytic form of F ′ (R) in the large and small curvature limits. For example, in the large curvature limit, the F ′ (R) gravity is approximately equal to,
We can see that the F (R) gravity is complex, and let us briefly recall what this indicated in pure F (R) gravity theory. As we will see, in mimetic F (R) gravity, the physical significance of a complex F (R) gravity can be entirely different in comparison to pure F (R) gravity. Indeed, as was demonstrated in Ref. [48] , phantom scalar models and complex F (R) gravity are mathematically equivalent, at least, in rip point. In addition, even in ordinary non-phantom scalartensor theory, in regions were the scalar-tensor theory develops a Big Rip singularity [49] , the corresponding F (R) gravity may become complex. In principle, the complex F (R) gravity cosmology can develop quite intriguing features, with the most sound one being the inability to analytically continue the Lorentz signature metric to a metric with a Euclidean signature, in the Jordan frame. Also, as shown in [35] [36] [37] [38] , bouncing cosmologies in the Jordan frame are never generated by complex F (R) gravity and also bouncing cosmologies in the Einstein frame never lead to complex F (R) gravity in the Jordan frame. However, as we demonstrated in this section, within the mimetic F (R) framework, a complex F (R) gravity in the Jordan frame may realize the matter bounce scenario, for suitably chosen mimetic potential and Lagrange multiplier. We believe that this feature of mimetic F (R) gravity in the Jordan frame is quite appealing, since it provides a completely different viewpoint of F (R) gravity. Before closing this section, we shall investigate from which F (R) gravity can the superbounce cosmological evolution of Eq. (69) be realized in the context of mimetic F (R) gravity. We choose the mimetic potential V (t) and the Lagrange multiplier λ(t) to be equal to,
Following the same steps as in the previous example, we obtain the following differential equation,
where again y(t) = F ′ (R(t)). By solving this with respect to y(t), we obtain the following solution,
where C 1 , C 2 are again some arbitrary constants, and the parameters γ 1 , γ 2 appear in the Appendix A. By substituting in R = 6Ḣ + 12H 2 , the Hubble rate (69) and solving the resulting algebraic equation with respect to t, we get,
Substituting this in Eq. (143), we can obtain the analytic form of y(R), and by integrating once with respect to R, we obtain the F (R) gravity. By doing so, the final form of the F (R) gravity is equal to,
Hence, using the theoretical framework of mimetic F (R) gravity, we presented a reconstruction method for finding which F (R) gravity can generate a specific cosmological evolution, given the mimetic potential and the Lagrange multiplier. In principle the mimetic potential and Lagrange multiplier can arbitrarily be chosen, and hence, for a given cosmological evolution, there are many different sets of F (R), V (φ) and λ(φ), constrained by Eq. (15), that can realize this cosmological evolution. Before closing this section, we shall present a particularly interesting example to support the usefulness of the method we presented. Our aim is to find a particular cosmology with Hubble rate H(t) which ends up to the R 2 model of inflation. So what we aim is to find the potential V (t) and the Lagrange multiplier λ(t), which lead to y(R) = 1 + αR, and therefore the resulting F (R) gravity is F (R) = R + α 1 R 2 . Consider for example that the Hubble rate is of the following form,
with I n (x) the modified Bessel function of first kind. As it can be seen in Fig. 1 and can be easily crosschecked, the Hubble rate is positive for all cosmic time values t, and no singularity issues occur. By making the following choice for the mimetic scalar potential V (t) (recall that we identified φ = t),
and also by choosing the Lagrange multiplier as follows, 
.
we obtain the following analytic solution,
where we made use of the fact that,
which easily follows by using the modified Bessel function properties and the Hubble rate (151). Therefore, the resulting F (R) gravity is F (R) = R + α 2 R 2 , which shows us that the mimetic F (R) framework in the Jordan frame results to a completely different picture in comparison to the standard Jordan frame F (R) gravity. As we just demonstrated, the Jordan frame R 2 gravity with the potential and Lagrange multiplier functions chosen as in (152) and (153), realize the cosmology with Hubble rate (151).
VIII. R 1+ǫ MIMETIC GRAVITY COSMOLOGY AND THE SIMPLICITY ARGUMENT FOR PHYSICAL THEORIES
In the previous sections we demonstrated that in the context of mimetic F (R) modified gravity with Lagrange multiplier and scalar potential, it is possible to generate various cosmological evolutions which are compatible with the recent Planck observational data. As we explicitly showed, any F (R) gravity can yield results compatible with observations, by choosing the potential and the Lagrange multiplier appropriately. We need to note that the resulting forms for the potential and the Lagrange multiplier were quite complicated.
Then an important fundamental question rises, since every F (R) gravity is allowed by appropriately choosing the potential and the Lagrange multiplier, how should the correct model be singled out from the rest of the models? In addition, another question closely related to the first one is, what is the reason to have so complicated potential and Lagrange multiplier? Should the correct cosmological description be so complicated?
These questions are of fundamental importance and we discuss these in detail in this section. To start with, let us answer the questions from a quantitative point of view firstly. The resulting picture of our analysis indeed looked quite complicated, but the choices of the potentials and Lagrange multipliers were chosen in such a way so that concordance with observations is achieved. It is conceivable that the form of the F (R) gravity was chosen abstractly and for illustrative purposes only. In principle, it is possible that the F (R) gravity is chosen is such a way so that the resulting potentials can significantly be simplified. For example, we could choose the F (R) gravity to be,
with the parameter ǫ being quite small. This kind of Einstein gravity modification was firstly considered in [3] . For the F (R) gravity chosen as in Eq. (156), and for the Hubble rate of Eq. (22), the resulting potential is,
where Eq. (157) results by expanding the original relation in terms of ǫ and keeping the leading order terms. So by comparing Eqs. (157) and (31), it is obvious that the potential (157) is much less complicated in comparison to that of Eq. (31) . The same applies for the Lagrange multiplier λ(N ) which at leading order is,
which has a much simpler form in comparison to that of Eq. (32) . Hence, in principle it is possible to have a less complicated final form of the potential and Lagrange multiplier. Also this can be possible by appropriately choosing the Hubble rate, with only one constraint, to yield concordance with observational data. However, apart from the quantitative reasoning we just presented, the question still persists, how it is possible to single out the correct model. This question is deeper since it is related to the fundamental question-approachdiscipline of physics, simplicity of a physical theory. Particular, it is an unwritten law that simplicity is one of the most compelling characteristics of a physical theory. If this discipline has to be respected, then the work we presented in this paper is just a mathematical exercise and no insights can be gained from our results. However, before all the physical phenomena related with cosmology are answered, it is not wise to undermine any theoretical approach. This because the physical results yet to be explained theoretically, cannot be explained with the physical theories at hand, so generalized theories are needed. In addition, a study can answer a question in a positive or a negative way. For example, the fact that the mimetic F (R) gravity yields quite complicated potentials, can be regarded as a disadvantage of the theory, if simplicity should to be respected as a rule. Nevertheless, the theoretical approach we presented yields compatible results with the observed values of the spectral index of primordial curvature perturbations, and also with the values of the scalar-to-tensor ratio. So from this point of view, this theoretical approach is acceptable, however the comparison with observation we performed is not exhaustive, meaning that we did not take into account all the observational data, like for example implied by the theory non-Gaussianities, growth index of linear perturbations e.t.c. But from a theoretical point of view, the model we presented has quite appealing features, which can be listed as follows:
• In the context of our model, the unification of early with late-time acceleration is achieved, and also a description for dark matter is provided too, without the need for the use of a perfect fluid dark matter sector.
• Our theory has an inherent conformal symmetry, which is one of the most fundamental symmetries in the Universe.
• The model is compatible with recent observational data.
Thus, by searching for different modified gravities, we also try to search for best cosmological description fitted by observations. The reason for finding such complicated resulting potentials, may probably indicate that we eventually missed some fundamental symmetry of the Universe, so we should search among the models to find indications to it. On the other hand, complicated potentials indicate that not every cosmological description is permitted. In conclusion, our results indicate that the mimetic F (R) theory must be further studied with two guidelines: simplicity and compatibility with observations. In addition, apart from the cosmological observational data, the mimetic F (R) theory should be confronted with data coming from local astrophysical data. Also the implications of mimetic F (R) gravity on compact objects, like neutron stars,should be scrutinized in future theoretical studies. Coming back to the simplicity issue, it is definitely of great importance to combine simplicity with rigidity in theoretical descriptions of nature. However, many times the simplicity of an approach is a subject rather debatable, especially when one deals with the Universe, its origin and its evolution. But definitely, the resulting fundamental physical theory governing the cosmos should be simple.
In our way of thinking, bringing together all possible theoretical descriptions and then deciding which description is closer to reality, is also very important. The full theoretical understanding of the cosmic evolution also requires different theoretical approaches that can describe successfully the cosmic evolution. Then, a direct comparison of the various theoretical models can favor some models against some other theoretical models. Our approach showed that we can have viable cosmological evolution, compatible with Planck data, at the cost of having quite complicated potentials and Lagrange multipliers. Clearly, this could work as an indication that nature might be simpler than this, but in any case this should be scrutinized by examining all possible models. However, we presented some complicated models and perhaps a more plausible choice could result into much simpler potentials as we showed in Eqs. (157) and (158). Also, the complexity of the resulting theory might be an indication that nature does not actually favor the mimetic approach. But in order to reach a conclusion, the analysis we performed should be further scrutinized by focusing on astrophysical systems in order to see if the complex potentials structure persists. Such an indication will signal a problematic theory. For instance, we are finishing the study of Mass-Radius relation for neutron stars in frames of mimetic F (R) gravity under discussion. Preliminary results indicate that viable models which we presented here, yield observationally preferable Mass-Radius relation for very compact neutron stars with large mass (about two Solar masses) in comparison to General Relativity.
We believe that indeed simplicity is nature's way, but even complexity is valuable since it may eventually indicate if an approach is plausible or not. However, this issue can be debatable, so we refer from going into further discussions on this.
IX. CONCLUSIONS
In this paper we presented a new theoretical framework that enables us to realize any arbitrary cosmology in a consistent and relatively easy way. The theory is mimetic F (R) gravity, and in addition to the Jordan frame F (R) gravity, it is accompanied by a potential and a Lagrange multiplier. The presence of the potential and Lagrange multiplier offers many different possible ways for the realization of various cosmological evolutions. Of particular interest is to try to produce cosmologies that are in concordance with observations, and we started our analysis with this kind of models. Given the F (R) gravity, which can be arbitrarily chosen, we used the mimetic F (R) gravity formalism as a reconstruction method in order to find which mimetic potential and Lagrange multiplier can produce such a cosmology. The attribute of this reconstruction method is that the F (R) gravity can be arbitrarily chosen, so one can use a viable F (R) model, which combines the following features: Firstly a successful and unified description of early and late-time acceleration within the same model and secondly, a consistent and elegant description of dark matter. Elegant because there is no need for a particle description of dark matter, since it is contained in the gravitational sector of the Jordan frame Lagrangian.
In addition to this study, a compelling task is to check if there exist de Sitter points in the mimetic F (R) gravity framework and also if these are stable or unstable towards linear perturbations. In principle, this strongly depends on the F (R) gravity details, so we made an investigation for some well known F (R) models. As we demonstrated, there exist stable and unstable de Sitter vacua in the models we studied. The unstable vacua are very important from a physical point of view, since it is exactly these vacua that lead to curvature perturbations which may realize a graceful exit from inflation. The stable de Sitter vacua are the final attractors of the trajectories of the dynamical system, and therefore in such a case, inflation is eternal. However, as we also stressed in the text, in general the de Sitter solution instability, apart from graceful exit, may affect the primordial power spectrum, and consequently affect the predictions of the theory with regards to the CMB data. This issue is quite serious and should be appropriately addressed in a future work. We intend to report on this issue soon.
Furthermore, in the mimetic F (R) gravity framework it is possible to investigate which F (R) gravities can realize certain bouncing cosmologies, given the mimetic potential and Lagrange multiplier. The interesting feature of this study is that the resulting F (R) gravity is totally different from the one that results in the pure F (R) gravity case. In addition, since the potential can be freely chosen, there is more than one F (R) gravity that can realize the same bouncing cosmology, so practically one has a class of solutions for different potential and Lagrange multiplier.
We also performed an analysis of the Einstein frame counterpart theory corresponding to the Jordan frame mimetic F (R) gravity theory. As we demonstrated, this theory is a two scalar field theory, with coupled kinetic term for the mimetic auxiliary scalar field. Interestingly enough, it is possible to produce models with appealing phenomenological properties, like the one studied in [20] . We applied our findings for a Jordan frame R 2 theory, for which we calculated the spectral index of primordial perturbations and the running of the spectral index, when this is considered in the Einstein frame. We used the two scalar field formalism of Refs. [21] , and we also discussed the slow-roll limiting cases of this formalism but also the non-slow-roll limit approximation for the same theory.
Finally, we analyzed in detail the dynamical system that corresponds to the mimetic F (R) theory. By introducing new variables, we investigated which are the fixed points of the dynamical system and studied their stability against linear perturbations. Moreover, the physical significance of some of the fixed points of the system was qualitatively discussed.
The mimetic F (R) theory theoretical framework and the two reconstruction methods it implies, offer many possibilities for realizing any cosmological evolution, by using an arbitrary in principle F (R) gravity. A particularly interesting implication of the Jordan frame mimetic F (R) gravity, is the multi-scalar Einstein frame counterpart theory. In this paper we provided the general theoretical framework and we also studied some particularly interesting models. But there are many options for model building in multi-scalar cosmology, so it is worth to further investigate the theory in this direction and also perform a dynamical system analysis of the resulting picture. Also, the slow-roll regime of the Einstein frame theory has to be studied in a detail and in addition, even the theoretical study of the non-slow-roll evolution (see for example [46] ) of both the Jordan and Einstein frame theories, should be studied in some detail. We need to stress that multi-scalar models for inflation are not favored by the latest Planck observations [27] , however small deformations of single scalar field models can be achieved by using for example two scalar field models. For example, in the trajectory space of the solutions of the model we examined in this paper, a small deformation of the single Starobinsky model could be achieved by choosing the trajectory withφ ≃ 0, φ ≃ 0. In this way we could have all the attributes of a single scalar field model, but we could also achieve non-Gaussianities caused by the second scalar field. We hope to address these issues in a future publication.
Finally, an interesting possibility for future applications related to the present paper, is to address the issues we discussed in this paper, in the context of another modified gravity theory, F (T ) gravity, see [50] for a recent compact study on the subject, and see also [51] . In the F (T ) gravity approach, the scientific viewpoint is different from the approach we adopted in this paper, since the fundamental variable is not the metric anymore, but the vielbein, nevertheless the two formalisms share a lot of common features, with regards to the phenomenological applications. Particularly interesting could be to investigate the perturbations issue in mimetic F (R) gravity, and for a non-singular cosmology and compare the results with the existing results on the subject from the current literature [52] .
